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ABSTRACT 
We find the distance distributions of a class of spherical codes and designs. In 
particular, we prove nonexistence of a class of tight spherical 4- and 5-designs. 
Uniqueness up to isometry of the tight spherical d-design on S5 (with 27 points) is 
proved. 
1. INTRODUCTION 
A nonempty finite set W on n-dimensional Euclidean sphere S”- ’ is 
called a spherical code. If W is a spherical code and x E W, then the 
distance distribution of W with respect to x is the system of nonnegative 
integer numbers (A,(x): - 1 < t < l}, where A,(x) = ({y E W:(x, y> = t]]. 
Spherical code W c S” - ’ is called (n, M, s) code if ]W ( = M and 
(x, y> d s for all x,yEW, x # y. If W is an (n, M, s> code, then 
A,(r) = 0 for all t E (s, 1). If W is an (n, M, s) antipodal code, then 
A,(r) = A_,(x) for all X. 
Spherical code W c S” - ’ is called [9] a spherical T-design if and only if 
* E w f(x) = 0 for all homogeneous harmonic polynomials f< X> = 
;xr> x2, ***> x,,) of degrees 1,2, . . . . r. These designs were introduced in 
1976 by Delsarte, Goethals, and Seidel [9]. 
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A spherical r-design is called tight [9] if its cardinality attains the following 
lower bound [9, Theorems 5.11 anvd 5.121: 
), ifr=2e, 
(1) 
if7=2e+ 1. 
Bannai and Damerell [4, 5] p roved that for n 2 3, tight spherical T- 
designs on S” - ’ do not exist if r = 2 e and e > 3 or r = 2e + I and e > 4 
except the case r = 11, n = 24 (see [7] or [8, Chapter 141). There exist tight 
r-designs for r = 1,2,3 in all dimensions. The regular r + l-gons on S’ are 
tight r-designs. 
The problem for describing all tight spherical r-designs with T = 4,5,7 is 
still open ([3, Problem 1.11; [6, Section 2.8, Problem 11). For n > 3, two tight 
Q-designs, three tight 5-designs, and two tight 7-designs are known [9, 71. The 
tight II-design on Sz3, the tight ‘i-designs in dimensions 8 and 23, and the 
tight 5-design in dimension 7 are unique up to isometry 171. 
An (n, M, d, r) (sph erical) configuration [9] is spherical code W c S”-’ 
of cardinality M, which is a r-design and a d-distance set, that is, d = ( A(W 
A(W) = 1(x, y>: X, y E W, x f y]. 
We consider spherical codes W that are (n, IW 1, d, T) configurations with 
small d, in fact, for d Q T + 1. For example, the tight designs and their 
derivations [9, Section 81 are such configurations. 
We prove that the distance distribution of an (n, M, d, r) configuration 
with d 6 r + 1 does not depend on the point x and can be computed by 
some (essentially Vandermonde) system of linear equations. As a conse- 
quence, we obtain nonexistence of infinitely many tight spherical 4- and 
5-designs. Our computations generalize the results from [7] and [8, Chapter 
141 about the distance distributions of the four tight spherical designs which 
are known to be unique. Moreover, we prove that the tight 4design on S5 
(with 27 points) is unique up to isometry. 
In Section 2 we describe our approach for computing distance distribu- 
tions of (n, M, d, T) configurations with d Q T + 1. In Section 3 we apply 
this method in order to find the distance distributions of the tight spherical 
4-, 5-, and 7-designs and their derivations. As a consequence, we obtain 
nonexistence of tight 4- and 5-designs in some dimensions. In Section 4 we 
prove that the tight 4-design on S5 is unique. 
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2. METHOD FOR COMPUTING DISTANCE DISTRIBUTIONS 
Let P,‘“‘(t) n > 3 i = 0 1 2 be the usual Gegenbauer polynomials 
[1, 21. For the logic of’their choice: %ich points to many results on spherical 
codes and designs, see, e.g., [8-10, 12, 131. 
We use the following equivalent definition for spherical designs (see [S, 
Corollary 3.8 and Theorem 5.51). Spherical code W c S”-’ is a r-design iff 
for any point y E S”- ’ one has 
(2) 
where f(t) is a real polynomial of degree at most T, and f0 is the first 
coefficient in the Gegenbauer expansion of f(t). We shall use (2) in the 
special case when y E W. 
THEOREM 2.1. Let W be an (n, IW 1, d, T) configuration with d < 7 + 1 
and A(W) = {a,, (Ye,..., ad]. Then the distance distribution of W with 
respect to any point x E W does not depend on x and can be computed by the 
following (Vano!ermonde) system: 
x,a; + x,a; + a*. +xda$ = aiJWJ - 1, i = 0, 1, . . . ,d- 1, (3) 
where xi = A,,(x), a,, = 1, azj = ((2j - l>!!>/(n(n + 2) *a. (n + 2j - 2)), 
forj = 1,2,. . . , and a, = 0 for i odd. 
Proof. In order to obtain the system (3) we set y E W and f(t) = 
1, t, t2,. . . , t”-’ in (2) consecutively. The coefficients a, are exactly the first 
Gegenbauer coefficients for 1, t, t”, . . . , td- ‘, respectively, i.e., 
a, = _ t2)(n-3)/2 dt)-’ /’ ti(] _ t2)(“-3)/2 &. 
-1 
The system (3) has d unknowns xi, x2, . . . , xd and d equations. It has a 
nonzero Vandermonde matrix. Therefore, it has a unique solution that does 
not depend on the point x. ??
A tight spherical d-design W c S”-’ could exist if n = m2 - 3, (W 1 = 
n(n + 3)/2 = m2(m2 - 3)/2, and A(W) = {l/(m + 1), - l/(m - I)]. 
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Thus W is an cm2 - 3, m2(m2 - 3)/2,l/(m + 1)) spherical code and an 
Cm2 - 3, m2(m2 - 3)/2,2,4) configuration. Applying Theorem 2.1, we ob- 
tain the following corollary, 
COROLLARY 2.2. The distance distribution with respect to x E W of a 
tight spherical 4-design W c Sm2-4 does not depend on the point x and can 
be computed by the following system: 
Al/(, + 1) (X 
A l,(m+l)( x> 
m+l 
) +A_ l,(m-l)(X) = IWI - 1, 
-  
A-Mm-l)(X) = _ l .  
m-l (4 
All tight 5-, 7-, and II-designs are antipodal (n, IW 1, d, T) configurations 
with d = 3, 4, and 6, respectively. One has 0 P A(W) when r = 5 and 
0 E A(W) when T = 7, 11. 
COROLLARY 2.3. The distance distribution with respect to x E W of a 
tight spherical r-design W (r = 5,7,11> does not depend on the point x and 
can be computed by the corresponding system (3). 
Below we describe the construction of Delsarte, Goethals, and Seidel 
from [9, Section 81. It gives new (derived) spherical designs and codes by 
known configurations. 
Let W be an (n, (W (, d, T) configuration, x E W, a E A(W ), and W, = 
(y E W: (x, y) = a) = { yl, yz, . . . , yk}. The k = ]W,I = A,(x) points of 
W, belong to a hyperplane 6 which is orthogonal to the vector x. If 6 
intersects x in a point P, then all possible cosines cos(L yi Py,) are in the set 
1-(y2: PEA(W) 
After resealing to S”- ’ one obtains that W, is an (n - 1, k, d*, T*) configu- 
ration, where d* = 1 A( = 1 St < d, 7* = 7 - d* + 1 [9, Theorem 8.21. 
We remark that if we take cx = 0 E A(W), then A(W,) C A(W). When 
d* < T* + 1 [i.e., d* < (T + 2)/2] we compute the distance distribution of 
the resulting configuration. 
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3. COMPUTING THE DISTANCE DISTRIBUTIONS OF 
TIGHT SPHERICAL 4-, 5-, AND 7-DESIGNS AND THEIR 
DERIVATIONS 
A tight spherical 5-design W C S”- ’ could exist if 1~ = m2 - 2, IW 1 = 
n(n + 1) = (m” - 1Xm2 - 21, and A(W) = (- 1,1/m, -l/m}. Thus W 
is an (m2 - 2, (m2 - 1Xm2 - 2>, l/m) antipodal spherical code and an 
(m2 - 2, (m2 - l)(m2 - 2), 3,5) antipodal configuration. Theorem 2.1 gives, 
for any x E W, 
xi +x2 = (WI - 2 = (m2 - l)(m2 - 2) - 2, 
xi = x2 = A,,,(r) = A-,,,(r). 
Resolving the last system, one obtains the following theorem: 
THEOREM 3.1. Any tight spherical 5-design W c Sm2-3 (x E W) has 
distance distribution 
A,,,(x) = A_,,,(x) = “2(m; - 3, , A_,(x) = 1. 
Therefore, the derived configuration of a tight spherical 5-design (with 
respect to any point) is an Cm2 - 3, m2(m2 - 3)/2,2,4) configuration. 
Moreover, it is a tight spherical 4-design. Its distance distribution can be 
computed by system (4) from Corollary 2.2. 
THEOREM 3.2. Any tight spherical 4-design W c Smze4 (x E W > has 
distance distribution 
A 
(m + l)“(m - 2) 
l,(m+l)(4 = 4 ) 
A -l,(m-l)( xl = 
(m - l)“(m + 2) 
4 ’ 
COROLLARY 3.3. There exist no tight spherical 4-designs in dimensions 
n = (4kj2 - 3. 
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Proof. If m = 4k, then the numbers Ai,(,,,+i)(x) and A-i,(m_lj(~) 
from Theorem 3.2 are not integer. ??
COROLLARY 3.4. 
n = (4k>’ - 2. 
There exist no tight spherical S-designs in dimensions 
Proof. If such a design does exist, then one would obtain its derived 
tight spherical 4-design in dimension (4k12 - 3, contradicting Corollary 3.3. 
W 
Further, we apply the Delsarte-Goethals-Seidel construction to the tight 
4-designs (existing and putative). The two derived 3-designs (U, and U,, 
say) are in fact (m2 - 4, IV, ),2,3), i = 1,2, configurations, where IV,1 = 
(m + 1j3(m - 2)/4 and IV,/ = (m - 1j3(m + 2)/4. 
THEOREM 3.5. (a) lf x E U,, then the distance distribution of U, with 
respect of x is as follows: 
A(U,) = --&- m+3 (m + 2)(m - 1) = {%Pl> 
A&) = 
(m + l)(m + 2)(m2 - 5) 
8 
A  
P 
(x) = (m - I>“@ + 2) 
8 . 
(b) If x E U,, then the distance distribution of U, with respect of x is as 
follows : 
i 
m-3 1 
A(U2) = (m-2)(m+ 1)’ 
-- 
m-2 I 
= {o,Pj, 
A,(x) = 
(m + 1)3(m - 2) 
8 
A&> = 
(m - l)(m - 2)(m2 - 5) 
8 
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Proof. By (5) one finds the two elements in A(q) = {a, /3}, i = 1,2. 
Then the distance distribution is computed by the system (3): x1 + x2 = 
IUiI-l,x,(Y+x2p= -1. ??
COROLLARY 3.6. There exist no tight spherical 4-designs in dimensions 
?a = (4k + 2j2 - 3. 
Proof. If m = 81 + 2 or m = 81 + 6, then the numbers A1,(,+2j(~) 
and A_ (m+3)/((m+2)(m&) f rom Theorem 3.5(a) or Theorem 3.5(b), re- 
spectively, are not integer. ??
COROLLARY 3.7. There exist no tight spherical 5-designs in dimensions 
n = (4k + 2)2 - 2. 
Proof. As in Corollary 3.4 ??
Combining Corollaries 3.3, 3.4, 3.6, and 3.7, we obtain the next assertion. 
THEOREM 3.8. There exist no tight spherical 4- and S-designs in dimen- 
sions n = 4k2 - 3 and n = 4k2 - 2 (i.e., form even), respectively. 
Note that the nonexistence of tight spherical S-designs for m even follows 
directly by [ll, Th eorem 3.51 about systems of equiangular lines. 
A tight spherical 7-design W C S”-’ could exist if 
n = 3m2 - 4, IWI = n(n + l)(n + 2)/3 
= (m2 - 1)(3m2 - 2)(3m2 - 4), 
and 
A(W) = {l/m, -l/m,O, -1). 
Thus W is a 
(3m2 - 4, (m2 - 1)(3m2 - 2)(3m” - 4), l/m) 
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antipodal spherical code and a 
(3m2 - 4, (m2 - 1)(3m2 - 2)(3m2 - 4),4,7) 
antipodal configuration. The distance distributions of the two known tight 
‘I-designs (for m = 2,3) were found by Bannai and Sloane [A. The following 
theorem generalizes this result. 
THEOREM 3.9. Any tight spherical ‘i-design W c S3m2-5 (x E W) has 
distance distribution 
A,( x) = 2( 7rz2 - 1)‘(3m2 - 5)) 
A,,,(x) = A_,,,(x) = m4(“12 - 5, > 
A_,(x) = 1. 
Proof. We have to solve system (3): 
2A,,,(x) = A,,(x) = /WI - 2 = (m2 - 1)(3m2 - 2)(3m2 - 4) - 2, 
24,ns xl 
= m2 3ma1_ - 2 = - - - 2. 4 IW( (m2 1)(3fr? 2) 
Its unique solution gives the claimed values. ??
4. UNIQUENESS OF THE TIGHT SPHERICAL 4-DESIGN ON S5 
WITH 27 POINTS 
Let W c S5 be a tight 4-design and x = (O,O, 0, O,O, 1) E W. By 
Theorem 3.2 (m = 3), we have W = (x} U V, U U,, where (U,( = 16, 
LJ, = Ia,, a2,. . . , a,,}, (x, ui) = l/4 for i = 1,2, . . . . 16, and IV21 = 10, 
7J2 = {b,, b,, . . . > b,,}, (x, bi) = - l/2 for i = 1,2, . . . , 10. We shall prove 
that there is a unique way (up to isometry) to arrange the points of V, and 
u2- 
We denote a, = (xii, xi2,. . . , xi5, l/4) for i = 1,2,. . . , 16 and bi = 
(yil3 yi23***, yi5, -l/2) for i = 1,2,. . . , 10. 
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THEOREM 4.1. The tight spherical d-design W C S5 is unique up to 
isomet y . 
Proof. We have to prove that there is a unique way up to isometry to 
choose the coordinates xij and ykj, i = 1,2,. . . ,16, k = 1,2,. . . , 10, j = 
1) 2, . . . ) 5. 
Rescahng U, on S4 we obtain by Theorem 3.5(b) that it is the so-called 
biorthogonal code (an orthonormal basis together with the antipodal vectors). 
Any two such codes are isometric. Therefore, without loss of generality, we 
can assume that for i fixed, yik # 0 only for one index k. This gives 
u, = (i +c 0000 -1 -2”“’ 2 ii 
for all possible signs and positions of e/2. 
By (ai, bj> = zk Gxik/2 - l/8 E { - l/2,1/4} we have xik = f a/4 
for all i = 1,2,. . . , 16 and k = 1,2,. . . ,5. So we obtain 
We denote V = V, U V,, where V, = {z E V 1 z has an odd number - 
signs] and V, = {z E V 1 x has an even number - signs}. Then one has 
(z,, z2) @ (-l/2, l/4] if and only if ]{z,, zs} n V,] = l{z,, zs] n V,I = 1. 
Hence there are only two possibilities for U,: 
V,=V, and U, =V,. 
Now we complete the proof with the simple observation that the symme- 
try T with respect to Ox maps V, on V, and saves x and Us, i.e., T is an 
isometry between the only two possible versions of W. ??
We point out that Theorem 4.1 implies the uniqueness of the tight 
spherical 5-design on S6 (see [7]). S’ rmr ‘I ar arguments probably can be used for 
other uniqueness proofs. 
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